We prove the following intersection and covering Helly-type theorems for boundaries of convex polygons in the plane.
Deÿnitions and notation
We denote d-dimensional real space by R d . Except when the contrary is explicitly stated, everything will be in the plane R 2 . We denote the closed segment with endpoints x and y by xy, the ray with origin x passing through y byxy, and the line through x and y by ↔ xy. We denote the convex hull of a set S ⊆ R 2 by conv S, the boundary by bd S, and the interior by int S. A set of points S is in convex position if S ⊆ bd conv S.
For n¿1, an n-gon is a (possibly unbounded) intersection of some n closed halfplanes, which has non-empty interior. Note that as the term is used here, an n-gon may be unbounded and it may have fewer than n vertices but it cannot have more than n. A proper n-gon is an n-gon that is not an (n − 1)-gon (if n = 1 then any 1-gon). A hollow n-gon, [hollow proper n-gon] is the boundary of an n-gon, [proper n-gon, respectively]. Note that a hollow 1-gon is a line, and a hollow proper 2-gon is either the union of two rays forming an angle, or the union of two parallel lines. Let G n denote the collection of hollow n-gons and G B n the collection of bounded hollow n-gons.
The size of a ÿnite set A is denoted by #A. The following deÿnitions, facilitating the formulation of our results, are modiÿcations of the congruence index introduced by Blumenthal [?, Section 37]. A collection S has Helly index (n; k) if any ÿnite sub-collection T ⊆ S of size #T¿n + k has non-empty intersection, provided any n sets in T have non-empty intersection. If S has Helly index (n; 0) we say that it has Helly order n. A collection S has Menger index (n; k) if any ÿnite set S of size #S¿n + k is contained in some set of S whenever each subset of S of n elements is contained in some set of S. If S has Menger index (n; 0) we say that it has Menger order n.
More generally, let I = {(n; k): n¿1; k¿0} be the set of indices. We deÿne a partial order 4 on I by (n 1 ; k 1 ) 4 (n 2 ; k 2 ) ⇔ n 1 + k 1 6n 2 + k 2 and n 1 6n 2 :
It is clear that the set of Helly or Menger indices of any collection S forms an up-set in (I; 4), i.e., a subset U having the property that for any (n 1 ; k 1 ) ∈ U and (n 2 ; k 2 ) ∈ I, if (n 1 ; k 1 ) 4 (n 2 ; k 2 ) then (n 2 ; k 2 ) ∈ U. Also, any up-set in (I; 4) is a ÿnite union of principal up-sets, subsets of I of the form {(n; k) : (n 0 ; k 0 ) 4 (n; k)} for some (n 0 ; k 0 ) ∈ I. In fact, a minimal representation of an up-set U ⊆ I as a union of principal up-sets is unique: the indices generating the principal up-sets are exactly the minimal elements of U. Thus to describe the set of Helly or Menger indices of a collection S, we only have to ÿnd the set of all minimal Helly or Menger indices. Following Blumenthal, we call the set of minimal Helly or Menger indices a complete set of Helly or Menger indices.
Introduction
A Helly-type theorem is an analogue of Helly's theorem (Helly [?] ). The collection of convex sets in R d has Helly order d+1.
A Helly-type theorem can also concern coverings instead of intersections, an example of which is the following consequence of Helly's theorem, noted by Vincensini and Klee (see [?] In this paper we obtain the complete set of Helly and Menger indices for the collections G n and G B n .
Main theorem. The complete sets of Helly and Menger indices for G n and G B n are given in Table 1 .
In the proof we ÿrst consider Menger indices, as they facilitate the proof of the part concerning Helly indices.
Menger indices
We ÿrst give examples showing that the Menger indices in Table ? ? are best possible. First of all, it is trivially seen that G 1 has Menger order 3 but does not have Menger index (2; k) for any k. Also, G 2 does not have Menger index (4; k) for any k, as can be seen by considering any set of points in convex position not contained in a hollow 2-gon.
Example 3.1. G 2 does not have Menger order 5. Consider any three non-collinear points x 1 ; x 2 ; x 3 in R 2 , and let x 4 be any point between x 1 and x 2 , x 5 between x 2 and x 3 , and x 6 between x 3 and x 1 . See Fig. ? ?. Then any ÿve of the points in S = {x 1 ; x 2 ; : : : ; x 6 } are covered by a hollow 2-gon, but S is not. This example is essentially unique, i.e., if #S = 6 and S does not have Menger order 5, then S must be Then it is easily seen that any 2n + 1 points of S are contained in a hollow n-gon, but S is not contained in a hollow n-gon. Also, note that for n¿4, the n-gons can all be chosen to be bounded.
does not have Menger index (6; k) for any k. Let S be the vertex set of a regular n-gon (n¿7). Table ? ? are correct. Let n¿2 and let S be a ÿnite set in R 2 of which any 2n + 2 points coverable by a hollow n-gon. If some x ∈ S is in the interior of conv S, then by Steinitz's theorem (see [?] ), x is in the interior of the convex hull of at most four points of S. Then there are 5¡2n + 2 points of S not contained in any hollow n-gon, a contradiction. Therefore, S is in convex position.
It remains to prove that the Menger indices in
Note that S cannot contain 2n+1 points in strictly convex position. Therefore, P := conv S is a bounded proper m-gon for some m62n. (Note that we do not assume that S is ÿnite.) Let E 0 ; E 1 ; : : : ; E m−1 be the consecutive edges of P. We consider subscripts modulo m. We say that a side E i of P is an empty side is its relative interior contains no point of S; otherwise E i is a non-empty side. Let A := {E i1 ; E i2 ; : : : ; E i k } be the set of non-empty sides of P, ordered cyclically. Note that any hollow polygon Q containing S must contain the non-empty sides of P, and that the vertices of P strictly between the non-empty sides E ij and E ij+1 need at least a j := |i j+1 − i j − 1|=2 edges of Q. It follows that the smallest p such that a hollow p-gon contains S is p = k+ k j=1 a j .
We now suppose that p¿n and deduce that S has a subset of 2n + 2 points not contained in any hollow n-gon. Let = #{j : i j+1 − i j − 1 is odd}. By the deÿnition of a j , we now have 2 k j=1 a j + = m − k, hence = m + k − 2p. For each odd i j+1 − i j − 1, remove the points of S in the interior of E ij+1 from S, to obtain S , with the same convex hull P, and set of nonempty edges A := {E ij ∈ A: i j+1 − i j − 1 is even} = {E i 1 ; E i 2 ; : : : ; E i k }, where k = k − . Now remove the points of S in the interior of E i j for all j¿k := k − 2(p − n − 1), and all points except one in the interior of each E i j ; j6k from S , to obtain S with size #S = m + k = m + k − − 2(p − n − 1) = 2n + 2, set of non-empty edges A := {E i 1 ; E i 2 ; : : : ; E i k }, and, deÿning a j = |i j+1 −i j −1|=2, we obtain as before that the smallest p such that a hollow p -gon contains S is p = k + k j=1 a j . As before, 2
Assume now furthermore that any 2n + 2 points of S can be covered by a bounded hollow n-gon. Suppose that S is not contained in any bounded hollow n-gon. Then p = n, otherwise we may add another half-plane to the hollow (n − 1)-gon covering S to obtain a bounded hollow n-gon covering S. It also follows from the assumption that S cannot be covered by a bounded n-gon, that there must be two non-empty sides E ij and E ij+1 of S with i j+1 − i j = 2, viz. two sides lying on the unbounded sides of an unbounded hollow n-gon covering S. Now remove the points of S as before to obtain S with size #S = m + k = m + k − = 2p = 2n. Also, the smallest p such that a p -gon covers
Put back a point of S in the interior of E ij and of E ij+1 to obtain a set S such that #S = 2n + 2, and the only hollow n-gons covering S are unbounded.
To see that for n = 3, 2n + 2 may be lowered to 7, we need only consider #S = 8, with any 7 covered by a bounded 3-gon. As above, S is in convex position. Label the points of S consecutively x 1 ; : : : ; x 8 . If some four consecutive points of S are collinear, we may remove one of the interior points, and ÿnd a bounded 3-gon covering the remaining points, hence also the removed one. We may therefore assume that there are no four consecutive collinear points in S. Since S cannot contain seven points in strictly convex position, there must be two disjoint triples of consecutive collinear points, say x 1 ; x 2 ; x 3 and x i ; x i+1 ; x i+2 . Without loss of generality there are only two cases: i = 4 and i = 5. If i = 4, there is a unique bounded 3-gon covering S\{x 3 }, which also covers x 3 . If i = 5, either S\{x 4 } or S\{x 8 } will not be covered by a bounded 3-gon, a contradiction. We have proved that G 2 has Menger index (5; 1).
The following lemma will be used in obtaining the complete set of Helly indices of G 2 . Lemma 1. If any 5 points of S can be covered by a hollow 2-gon but S can not be covered by a hollow 2-gon, then S is as in Example 3:1.
Proof. As above, conv S is either a bounded triangle or a bounded quadrilateral.
If conv S is a quadrilateral, then no pair of opposite sides can both be non-empty, since then S would be coverable by a hollow 2-gon. Thus some two consecutive sides are non-empty, and we have found ÿve points in strictly convex position, a contradiction.
Thus conv S is a triangle. As in the case of a quadrilateral we obtain that all three sides are non-empty. If there is more than one point in the interior of a side, then we again obtain ÿve points in strictly convex position.
Helly indices
Again, we ÿrst give examples showing that the Helly indices in Table ? ? are best possible. Firstly, it is trivial that G 1 does not have Helly index (2; k) for any k. 
Since there are inÿnitely many possibilities for m 5 and m 6 , we have found arbitrarily many bounded 3-gons such that any six intersect, but not all intersect. their bounding lines:
This example may be modiÿed to give arbitrarily many 3-gons by adding ' 1 ' 4 m with m an arbitrary line passing through x 3 and not intersecting ' 1 on − − → x 2 x 1 or ' 4 on − − → x 4 x 5 , or ' 1 ' 4 n with n passing through x 6 and not intersecting 
See Fig. ? ?. More 4-gons can be obtained with the same property by varying y and z. Table ? ? are correct. In the proof we make use of the results already proved on Menger indices.
It remains to prove that the Helly indices in
The case n = 1 is trivial. Assume that n¿2 and S ⊆ G n has the property that any f(n) of its elements has non-empty intersection. We show by induction that arbitrary large sub-collections of S have non-empty intersection. Suppose, for the sake of contradiction, that there exist k + 1 hollow n-gons P 1 ; : : : ; P k+1 ∈ S with empty intersection, although any k has non-empty intersection, for some ÿxed k¿f(n). For each i = 1; : : : ; k + 1, choose x i ∈ j =i P j . Then each subset of {x 1 ; : : : ; x k+1 } of size k can be covered by some hollow n-gon. Since k¿f(n)¿2n + 2, the Menger order of G n , we have that {x 1 ; : : : ; x k+1 } is contained in some hollow n-gon P. By Lemma 2, P can be chosen to be one of the P i , giving x i ∈ P i , a contradiction. Now let S ⊆ G B 3 and suppose that any 7 sets in S has non-empty intersection. We proceed as before: Assume that there are k + 1 hollow 3-gons P 1 ; : : : ; P k+1 ∈ S with empty intersection although any k have non-empty intersection, for some ÿxed k¿7. Find x 1 ; : : : ; x k+1 as before. Since G B 3 has Menger order 7, it follows that {x 1 ; : : : ; x k+1 } is contained in some hollow bounded 3-gon P. Then apply Lemma 2. Now let S ⊆ G 2 be such that #S¿7 and any 5 sets in S intersect. Then S has a sub-collection S with #S = 6 and S = ∅. Proceeding as before we obtain points x 1 ; : : : ; x 6 such that any ÿve are on a hollow 2-gon, but not all are. By Lemma 1, x 1 ; : : : ; x 6 must be as in Fig. ? ?. Thus the 2-gons in S are ÿxed, and it is clear that S cannot be enlarged such that any ÿve sets still have non-empty intersection, a contradiction.
Lemma 2. For k¿f(n), given any k + 1 points x 1 ; : : : ; x k+1 lying on a hollow n-gon P, there exists an i such that any hollow n-gon covering {x 1 ; : : : ; x k+1 }\{x i } also passes through x i .
For k¿7, given any k + 1 points x 1 ; : : : ; x k+1 lying on a bounded hollow 3-gon P, there exists an i such that any bounded hollow 3-gon covering {x 1 ; : : : ; x k+1 }\{x i } also passes through x i .
Proof. We only consider n¿5, as the other cases are similar and simpler. If there is a closed edge E of P containing four of the points x i , then we may remove one of the inner two points. Then any n-gon Q passing through the remaining points must have an edge containing E, hence containing the removed point.
We may therefore assume that each closed edge of P contains at most three points of the x i . Let e be the number of closed edges of P containing exactly three x i 's, and h the number of x i 's that are vertices of P. Then 3n − 26k + 163e + 2(n − e) − h, hence n − e62 − h. Thus there are at most 2 − h edges containing less than three x i 's, and h62. As in the proof that G n has Menger order 2n + 2, the x i 's cannot be covered by an (n−1)-gon. By considering all cases, we ÿnd that there are always three consecutive edges with three x i 's on each, none of them being a vertex of P, unless h = 1; n = 5 or h = 2; 56n66, while in these cases there are always four consecutive edges containing 3; 3; 2; 3 x i 's, respectively, none a vertex of P. See Fig. ? ?. If we remove the encircled point in Fig. ? ?, then P is still the only n-gon covering the remaining points.
Final remarks
Our results on Menger indices answers the two-dimensional case of the following problem privately stated by V. Soltan:
Find the smallest m = m(n; d) with the following property: Given any S ⊆ R d , if any subset of m points of S is contained in the boundary of a polyhedron with n facets, then S is contained in the boundary of a polyhedron with n facets.
One could also consider Helly or Menger indices for the collection G 
